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Abstract
In this paper we consider the Hodge Laplacian on differential k-forms over smooth open manifolds MN ,
not necessarily compact. We find sufficient conditions under which the existence of a family of logarithmic
Sobolev inequalities for the Hodge Laplacian is equivalent to the ultracontractivity of its heat operator.
We will also show how to obtain a logarithmic Sobolev inequality for the Hodge Laplacian when there
exists one for the Laplacian on functions. In the particular case of Ricci curvature bounded below, we use the
Gaussian type bound for the heat kernel of the Laplacian on functions in order to obtain a similar Gaussian
type bound for the heat kernel of the Hodge Laplacian. This is done via logarithmic Sobolev inequalities
and under the additional assumption that the volume of balls of radius one is uniformly bounded below.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The usefulness of logarithmic Sobolev inequalities was first demonstrated by Gross, who
showed that they are equivalent to the hypercontractivity of the heat operator on RN with the
Gauss measure [6]. Since then, such equivalences have been proved for a larger class of operators
and spaces. In the particular case of the Bochner Laplacian on k-forms over manifolds with a
probability metric, Qian has been able to show that the existence of a family of logarithmic
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operator [7]. The equivalence of logarithmic Sobolev inequalities to the ultracontractivity of the
heat kernel of an operator is usually harder to prove. Davies proves such equivalences for the
Dirichlet Laplacian on RN [4].
The main result of this paper is the extension of such equivalences to the case of the
Hodge Laplacian acting on differential k-forms. We find sufficient conditions under which the
existence of a family of logarithmic Sobolev inequalities for Hodge Laplacian implies an ul-
tracontractive bound for its heat operator and vice versa. This will be done on smooth open
manifolds with Weitzenböck tensor bounded below. The key step in the proof consists of ex-
pressing the Hodge Laplacian using the Bochner Weitzenböck formula. In this way, we split
the operator into a self-adjoint operator with a contractive heat kernel, namely the Bochner
Laplacian, plus the Weitzenböck tensor which we treat as a potential term that can be bounded
below.
In Section 3 we prove some intermediate results. We show that the heat operator of the Hodge
Laplacian is bounded from L2 to L∞ at a specific moment in time whenever the Hodge Laplacian
satisfies an appropriate family of logarithmic Sobolev inequalities (Theorem 3.1). We also prove
a similar bound for a special perturbation of this heat operator (Corollary 3.2).
In Section 4 we use stronger curvature assumptions in order to extend these bounds. The
manifolds considered have the Weitzenböck tensor and Ricci curvature bounded below by a non-
positive constant, and the volume of balls of radius one bounded below by a uniform constant.
We prove that on these manifolds the Hodge Laplacian on forms satisfies a family of logarithmic
Sobolev inequalities with coefficients that allow us to conclude that its heat operator is ultracon-
tractive (Theorem 4.2). Furthermore, the bound of the perturbed heat operator from Corollary 3.2
generalizes and gives us a Gaussian type bound for the heat operator of the Hodge Laplacian
(Theorem 4.3).
One of the main elements of these results is proving that a logarithmic Sobolev inequality
for the Laplacian on functions implies a similar inequality for the Hodge Laplacian on forms,
whenever the Weitzenböck tensor is bounded below (Lemma 4.1). This essentially allows us
to demonstrate that a Gaussian type heat kernel bound for the Laplacian on functions implies
the same type of bound for the heat kernel of the Hodge Laplacian on forms, on the class of
manifolds we consider in Section 4.
Furthermore, we demonstrate how to obtain a family of logarithmic Sobolev inequalities for
the Hodge Laplacian whenever its heat operator is ultracontractive (Theorem 4.1). This is the
second part of the equivalence between the existence of logarithmic Sobolev inequalities and
ultracontractive heat operator bounds on forms.
The author developed the results of this paper when looking for a Gaussian type of heat
kernel bound for the Hodge Laplacian in order to prove the Lp independence of its spectrum. A
similar bound, also known as Kato’s inequality, is due to Rosenberg [8]. The author was initially
unaware of Rosenberg’s work and developed this independent method for obtaining Gaussian
bounds for the Hodge Laplacian. Rosenberg’s result allows for a slightly better Gaussian bound
and was proved via the Feynman–Kac formula. Nonetheless, the bound in this paper is sufficient
for proving the Lp independence of the spectrum under the further assumption on the volume of
balls of radius one [2]. As we mention at the end of Section 4, the merit of this technique is that
it has the potential of being generalized to a larger class of self-adjoint operators. As a result, it
can be used to extend the Lp independence results to these operators.
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Denote by Λk(MN), the space of differential k-forms on the Riemannian manifold (MN,g).
The metric g induces a pointwise inner product on k-forms which we denote (·,·). The L2 inner
product will be denoted by 〈·,·〉 = ∫
M
(·,·).
Definition 2.1. A self-adjoint operator H on k-forms with quadratic form Q satisfies a logarith-
mic Sobolev inequality if there exist constants ε and β such that
∫
M
|φ|2 log |φ| εQ(φ)+ β‖φ‖22 + ‖φ‖22 log‖φ‖2 (S2)
for φ in Dom(Q) ∩ L1 ∩ L∞. |φ| denotes the pointwise Riemannian norm of the form φ and
Dom(Q) = Dom(H 1/2).
The operator satisfies a p-logarithmic Sobolev inequality for 2 < p < ∞ if there exist con-
stants a and b such that∫
M
|φ|p log |φ| a〈|φ|p−2φ,Hφ〉+ b‖φ‖pp + ‖φ‖pp log‖φ‖p. (Sp)
In this paper, H will be the Hodge Laplacian k on differential k-forms. The results from
Sections 3 and 4 can be easily generalized to operators of the type k +T k where T k :Λk(M) →
Λk(M) is a tensor acting pointwise on differential forms, and which we can bound below in the
following sense: we consider the action of T k on Λk(M) × Λk(M) by which T k maps two k-
forms ω and η to (T kω,η). We say that the tensor T k is bounded below if there exists a uniform
constant C such that (T kω,ω)y  C|ω|2y at all points y ∈ M .
On smooth differential k-forms with compact support, the Hodge Laplacian is defined as
k = δd + dδ where d is exterior differentiation and δ is its adjoint as an operator on forms
with respect to the inner product 〈·,·〉. We will usually just write  when the context is clear and
denote as 0 the Laplacian on functions.
For a locally defined orthonormal frame field {Vi}i with dual coframe {ωj }j defined by
ωj (Vi) = δji , these operators are given by the formulas:
d =
∑
j
ωj ∧DVj , δ = −
∑
i
i(Vi)DVi
where DX is the Levi-Civita connection and i(Vi) denotes the interior product [12].
If ω, η are C∞ k-forms in M with compact support, then 〈kω,η〉 = 〈dω,dη〉 + 〈δω, δη〉.
The Hodge Laplacian can also be written via the Weitzenböck formula:
 = −
∑
i
D2ViVi −
∑
i,j
ωi ∧ i(Vj )RViVj
where D2XY = DXDY − DDXY is the second order covariant differential and RXY =
DXDY −DYDX −D[X,Y ] is the curvature tensor.
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k-forms as a derivation.
A simple calculation shows that for one-forms (W1η,η)x = Ricx(η∗, η∗) where η∗ is the
vector dual of the one-form η [12].
We state a few results of Gallott and Meyer [5] in order to provide some insight for this tensor.
Define the curvature operator ρx0 :Tx0M ×Tx0M → R by ρ(X,Y )x0 = (RXYY,X)x0 , for vectors
X,Y in Tx0M . Note that a lower bound on sectional curvature does not imply a lower bound for
the curvature operator. Now let X∗, Y ∗, be the dual covectors to X,Y respectively. If ρ(X,Y )x0 
λ|X∗ ∧ Y ∗|2 for some λ ∈ R and for all vectors X,Y at a point x0, then (Wkη, η)x0  k(N −
k)λ|η|2 on each k-form η. In other words, the Weitzenböck tensor is bounded below whenever
the curvature operator is. Although the lower bound on the curvature operator is more common
in the literature, we keep the weaker assumption on the lower bound of the Weitzenböck tensor.
We let D2 =∑i D2ViVi and in order to avoid a repeated use of summands, we write the point-
wise inner product
∑
i (DViω,DVi η) = (D¯ω, D¯η).
Note that in the case of functions (D¯f, D¯g) = (df, dg).
It follows that
∫
M
(−D2ω,η) = ∫
M
(D¯ω, D¯η) for all C∞ forms ω, η when at least one of the
two has compact support [7].
Definition 2.3. The operator Lk = −D2 is called the Bochner Laplacian. It is a non-negative
symmetric operator on smooth forms with compact support.
We consider the L2 closure of Lk on smooth k-forms with compact support, denoted as Lk2,
and let D(Lk2) be the domain of this extension. Strichartz proves that the L2 closure of the
Hodge Laplacian k is self-adjoint on a complete manifold [11]. His argument easily generalizes
to the Bochner Laplacian. As a result, Lk2 is a closed and self-adjoint operator on D(Lk2) and
D(Lk2) ⊂ Dom(QLk2) = Dom((L
k
2)
1/2
) [4]. For simplicity we will usually denote the operator Lk2
by L.
We now rewrite the Hodge Laplacian as
k = Lk +Wk
in the form of a symmetric operator plus a potential-type term. This is the standard format that
was used by Rosenberg in his proof of Kato’s inequality [8].
Whenever Wk is bounded below by a constant −K1, we show that the L2 closure of k =
Lk +Wk on C∞c (Λk) is also self-adjoint. Using the same argument as in [11] it follows that the
L2 closure of A = Lk +Wk + K1 Id on C∞c (Λk) is self-adjoint. K1 Id is a bounded self-adjoint
operator on L2. It follows that the L2 closure of k on smooth k-forms with compact support is
a closed and self-adjoint operator. We denote this closure by k2. Furthermore, the domain of k2,
D(k2), satisfies the property D(
k
2) ⊂ Dom(Qk2) = Dom((
k
2)
1/2) [4].
Inequality (17) from Section 4 demonstrates that D(k2) ⊂ D(Lk2) and Dom(Qk2) ⊂
Dom(QLk2).
For simplicity in notation we will sometimes talk about the action of k on L2(Λk) referring
to the L2 closure of k acting on D(k2). Furthermore, we generalize 
k to the space Lp(Λk)
by considering its action on L2 ∩ Lp(Λk) and seeing whether it can be extended to Lp(Λk).
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We denote as kp the operator k acting on Lp(Λk).
For an operator H we denote by ‖H‖β,α its norm from Lα to Lβ . We say that its heat operator
e−tH is ultracontractive if it is bounded from L2 to L∞ for all t > 0. If ‖e−tH‖p,p  1 for all
t > 0 then we say that e−tH is a contraction on Lp .
The heat operator e−tk of the Hodge Laplacian is a linear operator from Λk(TxM) to
Λk(TyM). It is well defined on D(k) where k is self-adjoint. When the kernel of the heat
operator exists, we will denote it by Pk(t, x, y), and we denote as P(t, x, y) the heat kernel for
the Laplacian on functions.
We make the following remark found in [9]: Let I = (i1, . . . , ik) be a multi-index and dxI =
dxi1 ∧ · · · ∧ dxik . Then we may express Pk(t, x, y) in matrix form on coordinate patches U,V
with x ∈ U and y ∈ V as
Pk(t, x, y) =
∑
I,J
PIJ (x, y) dx
I ⊗ dyJ .
The heat operator acts on a smooth k-form η with support on U via the following formula
e−tk (η)(y) =
∑
J
∫
U
∑
I
PIJ (x, y)
(
dxI , η(x)
)
dx · dyJ .
Definition 2.4. We say that the heat kernel of the Hodge Laplacian has a pointwise bound
A(x,y), if |PIJ (x, y)|  A(x,y) for all I, J with {ωI (.)}I an orthonormal basis of k-forms
at each point.
3. Finding upper bounds for the heat operator via logarithmic Sobolev inequalities
From now on we assume that the underlying manifold MN is open withWk −K1 for some
non-negative constant K1.
In this section we prove an intermediate upper bound for the heat operator when the Hodge
Laplacian satisfies a family of logarithmic Sobolev inequalities with appropriate constants. More
specifically, we find a specific time t0 such that e−t0
k is bounded from L2 to L∞. We also
demonstrate that a certain perturbation of e−tk has a similar bound at some moment t0.
Under stronger curvature conditions, the bound for e−t0k and its perturbation can be gen-
eralized to all t0 > 0. The bound of the perturbed heat operator yields a Gaussian type bound
for Pt . We compute these bounds in Section 4 where we also impose the stronger conditions on
the geometry of the manifold.
As we will see in Theorem 3.1, the intermediate bound for e−t0k follows from the existence
of a family of appropriate (Sp) inequalities for k for all 2 <p < ∞. The moment t0 will depend
on the coefficients of these (Sp) inequalities. Lemma 3.2 proves that it is in fact sufficient to have
a family logarithmic Sobolev inequalities for p = 2. We include the proof of this Lemma before
Theorem 3.1, as the constants that we obtain affect the bounds of e−t0k and we will need them
in the calculations of Section 4.
We begin by proving a simple upper bound for e−t
k
p on these manifolds. This result is nec-
essary for generalizing our domain (see Lemma 3.2). It also becomes crucial for obtaining the
Gaussian bounds in Section 4.
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t > 0. Furthermore, ‖e−tH‖p,p  etK1 .
In particular, if K1 = 0 the heat operator of k is a contraction on Lp for all 1 p ∞.
Proof. Recall that k∞ = (k1)∗ and note that the heat operator generalizes to the Lp space in
the same sense as k .
It suffices to check that the heat operator is bounded on L∞. By duality, the heat operator will be
bounded on L1 and will have the same norm. Applying the Riesz–Thorin Interpolation Theorem
we can conclude that it is also bounded on the remaining Lp spaces for 1  p ∞ with the
same norm. The Riesz–Thorin Interpolation Theorem is a special case of the Stein Interpolation
Theorem, and a proof that it holds for operators acting on forms can be found in [1].
The heat operator is defined as
exp(−t)ω = lim
n→∞
(
1 + t
n

)−n
ω.
Let ω be a k-form on M and normalize its norm such that ‖ω‖∞  1. Set s = tn , and take n large
enough so that sK1 < 1. As a result, η = (1+ s)−1ω is well defined. It will suffice to show that
the norm of η remains bounded.
From η we define
η¯ :=
{
η if |η| < 11−sK1 ,
η
|η|
1
1−sK1 otherwise
and let A = {x: |η| 11−sK1 }. Pointwise on A
(ω,η − η¯) |ω||η − η¯| |η − η¯| |η| − 1
1 − sK1 . (1)
We also obtain
∫
A
(ω,η − η¯) dv =
∫
A
(
(1 + s)η,η − η¯)dv
=
∫
A
(η,η − η¯) dv − s
∫
A
∑
i
(DViDVi η, η − η¯) dv + s
∫
A
(Wη,η − η¯)

∫
A
[
|η|2 − |η| 1
1 − sK1
]
dv − s
∫
A
∑
i
DVi (DVi η, η − η¯) dv
+ s
∫ ∑
i
(
DViη,DVi (η − η¯)
)
dv − sK1
∫
|η|2
[
1 − 1|η|(1 − sK1)
]
. (2)A A
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basis to the basis of normal coordinates {Vi}i at a point x0 and we define β =∑i (DVi η, η− η¯)ωi .
At x0, δβ = −∑i DVi (DVi η, η − η¯). It follows that∫
A
δβ dv =
∫
A
d(∗β) =
∫
∂A
(∗β)dσ.
As η − η¯ = 0 on ∂A, β is zero on ∂A, and the second integral of (2) is zero as claimed.
Furthermore, the third integral of (2) is non-negative
s
∫
A
∑
i
(
DViη,DVi (η − η¯)
)
= s
∫
A
[
(D¯η, D¯η)−
(
D¯η,
D¯η
|η|(1 − sK1)
)
+ (
∑
i (DVi η, η))
2
|η|3(1 − sK1)
]
 s
∫
A
(D¯η, D¯η)
(
1 − 1|η|(1 − sK1)
)
 0.
Using the value of the norm of η on A for the remaining two terms of (2)
∫
A
(ω,η − η¯) dv 
∫
A
(1 − sK1)|η|
[
|η| − 1
1 − sK1
]
dv

∫
A
[
|η| − 1
1 − sK1
]
dv.
However, by Eq. (1)
∫
A
(ω,η − η¯) dv 
∫
A
[
|η| − 1
1 − sK1
]
dv.
The two inequalities imply that |η| = 11−sK1 on A.
In other words, ‖(1 + s)−1ω‖∞  11−sK1 for s large enough.
From the definition of the heat operator and for n large enough
∥∥e−tω∥∥∞ = limn→∞
∥∥∥∥
(
1 + t
n

)−n
ω
∥∥∥∥∞  limn→∞
(
1 − t
nK1
)−n
= etK1 . 
The following lemma shows how we may obtain the inequality (Sp) when (S2) holds for the
Hodge Laplacian. The lower bound of the Weitzenböck tensor is key in the proof. The lemma
also gives us an appropriate domain for our results.
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on all differential k-forms ω ∈ Dom(Qk )∩L1 ∩L∞ and with constants ε and β ′.
Then (Sp) holds for any 2 < p < ∞ with a = ε p2(p−1) and b = β ′ 2p + sup{ε pK12(p−1) ,0} for all
differential k-forms ω ∈⋃t>0 e−tk (L1 ∩L∞), wheneverWk −K1.
Proof. Firstly, let us remark that
⋃
t>0 e
−tk (L1 ∩L∞) is contained in Dom(Qk )∩L1 ∩L∞.
It is also dense in L2, as e−tω converges to ω as t → 0 for all C∞c forms.
Some of the arguments in the proof are similar to those due to Qian [7] for the Bochner Laplacian
on manifolds with a probability metric and Davies [4] for symmetric operators on functions, but
they are much more general.
For ω ∈ C∞c (Λk), after substituting |ω|
p
2 −1ω into the left-hand side of (S2), we obtain
p
2
∫
M
|ω|p log |ω| εQ
(|ω| p2 −1ω)+ β ′‖ω‖pp + p2 ‖ω‖pp log‖ω‖p. (3)
We will first show ∫
M
∣∣D¯(|ω| p2 −1ω)∣∣2  p2
4(p − 1)
〈|ω|p−2ω,Lω〉. (4)
We compute that
∣∣d(|ω| p2 −1)∣∣2|ω|2 = (p − 2)2
4
|ω|p−2∣∣d|ω|∣∣2
whereas
∣∣d(|ω| p2 )∣∣2 = p2
4
|ω|p−2∣∣d|ω|∣∣2.
Combining the two equalities, we obtain
∣∣d(|ω| p2 −1)∣∣2|ω|2 = (p − 2)2
p2
∣∣d(|ω| p2 )∣∣2.
Furthermore, 〈(
D¯|ω|p−2)ω, D¯ω〉= 〈(D¯|ω|2( p2 −1))ω, D¯ω〉
= 2〈|ω| p2 −1D¯(|ω| p2 −1)ω, D¯ω〉.
With the above equalities, we find the following identity for C∞c k-forms∫
M
∣∣D¯(|ω| p2 −1ω)∣∣2 = ∫ ∣∣(D¯|ω| p2 −1)ω + |ω| p2 −1D¯ω∣∣2 dv
=
∫ [∣∣d(|ω| p2 −1)∣∣2|ω|2 + 2(|ω| p2 −1D¯(|ω| p2 −1)ω, D¯ω)
M
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= (p − 2)
2
p2
∫
M
∣∣d(|ω| p2 )∣∣2 dv + 〈|ω|p−2ω,Lω〉. (5)
For p > 1 define
U(p) = p
2
p − 1
[
|D¯ω|2 − (p − 2)
2
p2
∣∣d|ω|∣∣2].
Differentiating at each ω with respect to p we get
U ′(p) = p(p − 2)
(p − 1)2
[|D¯ω|2 − ∣∣d|ω|∣∣2].
Thus U(p) is minimal when p = 2 or when |D¯ω|2 = |d|ω||2 (in which case U(p) is constant
equal to 4|D¯ω|2). As a result, its minimum value is 4|D¯ω|2.
For the form |ω| p2 −1ω, with p > 2, this result implies
p2
p − 1
[ ∫
M
∣∣D¯(|ω| p2 −1ω)∣∣2 − (p − 2)2
p2
∫ ∣∣d(|ω| p2 )∣∣2 dv] 4∫
M
∣∣D¯(|ω| p2 −1ω)∣∣2.
Hence
p2
p − 1
〈|ω|p−2ω,Lω〉 4∫
M
∣∣D¯(|ω| p2 −1ω)∣∣2
by Eq. (5). We have thus proved (4) on C∞c (Λk).
We remark that inequality (4) implies that
Q
(|ω| p2 −1ω) p2
4(p − 1)
〈|ω|p−2ω,Lω〉+ 〈|ω| p2 −1ω,W(|ω| p2 −1ω)〉
= p
2
4(p − 1)
〈|ω|p−2ω,ω〉+(1 − p2
4(p − 1)
)〈|ω|p−2ω,Wω〉. (6)
The definition of the heat operator however, transforms the above inequality into
lim
t→0+
1
t
〈|ω| p2 −1ω, (1 − e−t)|ω| p2 −1ω〉
 4 p
2
4(p − 1) limt→0+
1
t
〈|ω|p−2ω, (1 − e−t)ω〉+(1 − p2
4(p − 1)
)〈|ω|p−2ω,Wω〉.
The result clearly holds on C∞c (Λk) and this expression, together with the boundedness of the
heat operator that we have proved in Lemma 3.1, demonstrate that we can generalize the inequal-
ity to forms ω ∈⋃t>0 e−tk (L1 ∩L∞), as this set is contained in Dom(Qk )∩L1 ∩L∞. Thus
we have obtained (6) on the desired domain.
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M
|ω|p log |ω| ε p
2(p − 1)
〈|ω|p−2ω,ω〉
+ 2ε
p
(
1 − p
2
4(p − 1)
)〈|ω|p−2ω,Wω〉+ β ′ 2
p
‖ω‖pp + ‖ω‖pp log‖ω‖p.
The result with the claimed constants follows after using the lower bound on Wk and that
(p − 2)2  p2.
It is worth noting that Qian [7] proved the equivalence between (S2) and (Sp) in the case of
forms in C∞c (Λk) for the Bochner Laplacian. 
We are now ready to state and prove the intermediate bound for e−tk .
Theorem 3.1. Suppose that for all ω ∈⋃t>0 e−tk (L1 ∩L∞) and 2 <p < ∞ the following (Sp)
inequality holds∫
|ω|p log |ω| ε¯(p)
∫
M
|ω|p−2(kω,ω)+ Γ (p)‖ω‖pp + ‖ω‖pplog‖ω‖p. (7)
If
t0 =
∞∫
2
ε¯(p)
p
dp, M0 =
∞∫
2
Γ (p)
p
dp (8)
are both finite, then e−t0k maps L2 into L∞ and ‖e−t0k‖∞,2  eM0 .
Proof. Letting p = p(t) vary over the variable t , we define
p′(t) = p
ε¯(p)
, p(0) = 2,
N ′(t) = p
′
p
Γ (p) = Γ (p)
ε¯(p)
, N(0) = 0 (9)
and consider the function
F(t) = e−N(t)‖ Ptω‖p(t).
We want to prove that F(t) is decreasing in t . As F(t) is positive, it would suffice to show that
logF(t) is decreasing. We compute
d
dt
[
logF(t)
]= F ′(t)
F (t)
= −N ′(t)+ (‖
Ptω‖p(t))′
‖ Ptω‖p(t)
= −N ′(t)+ 1‖ P ω‖
[
−‖ Ptω‖p(t) p
′(t)
p2(t)
log
(‖ Ptω‖p(t)p(t))t p(t)
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p(t)
‖ Ptω‖p(t)
∫
M
d
dt
[| Ptω|p(t)]dv
‖ Ptω‖p(t)p(t)
]
= −N ′(t)− p
′(t)
p(t)
log‖ Ptω‖p(t)
+ 1
p(t)‖ Ptω‖p(t)p(t)
∫
M
| Ptω|p(t)
[
p′(t) log | Ptω| + p(t)
d
dt
[| Ptω|]
| Ptω|
]
dv
= −N ′(t)− p
′(t)
p(t)
log‖ Ptω‖p(t) + p
′(t)
p(t)‖ Ptω‖p(t)p(t)
∫
M
| Ptω|p(t) log | Ptω|dv
+ 1
2‖ Ptω‖p(t)
∫
M
| Ptω|p(t)−2 d
dt
(| Ptω|2)dv
−N ′(t)− p
′(t)
p(t)
log‖ Ptω‖p(t) (∗)
+ p
′(t)
p(t)‖ Ptω‖p(t)p(t)
[
ε¯
(
p(t)
)∫
M
(

(| Ptω|), | Ptω|p(t)−2 Ptω)dv
+ ‖ Ptω‖p(t)p(t) log‖ Ptω‖p(t) + Γ
(
p(t)
)‖ Ptω‖p(t)p(t)
]
+ 1
2‖ Ptω‖p(t)p(t)
∫
M
| Ptω|p(t)−2 d
dt
(| Ptω|2)dv
= −N ′(t)− 1
‖ Ptω‖p(t)p(t)
[
ε¯(p(t))p′(t)
p(t)
∫
M
(

(| Ptω|), (| Ptω|p(t)−2 Ptω))dv
−
∫
M
| Ptω|p(t)−2
(
( Ptω), Ptω
)
dv
]
+ p
′(t)
p(t)
Γ
(
p(t)
)
.
Inequality (∗) follows from applying Eq. (7) to the form Ptω at the constant p = p(t). The final
expression in the computation above is actually zero for p(t) and N(t) as in (9), as the terms
inside the brackets cancel out and the first term gets cancelled with the last one. Note that the
above computations are justified on our domain, which is well defined given that the heat operator
is bounded on all of the Lp for 1 p ∞.
Therefore, F
′(t)
F (t)
 0. As F(t) is positive, then it must be a decreasing function such that
F(t) = e−N(t)‖ Ptω‖p(t)  F(0) = e−N(0)‖ P0ω‖p(0)
= ‖ω‖2 ⇒ ‖ Ptω‖p(t)  eN(t)‖ω‖2. (11)
For 0  t < t0, p(t) is monotone increasing. Given that t0 =
∫∞
2
ε¯(p)
p
dp = ∫∞2 dtdp dp
and p(0) = 2, we conclude that p(t) → ∞ as t → t0.
At the same time, N(t) = ∫ t Γ (p(t)) dt = ∫ p(t) Γ (p) dp.0 ε¯(p(t)) 2 p
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For 0  t < t0, F(t) is decreasing with respect to t . Thus, for any compact subset B and s > t
such that p(s) > p(t) and 1
q
+ 1
p(s)
= 1
p(t)
‖χB Psω‖p(t) 
[
Vol(B)
]1/q‖ Psω‖p(s)  [Vol(B)]1/q‖ Ptω‖p(t)eN(s)−N(t)

[
Vol(B)
]1/q
eN(s)‖ω‖2
by Eq. (11).
Sending s, t → t0 we get
‖χ
B
Psω‖p(t) → ‖χB Pt0ω‖∞,
1
q
→ 0, N(s) → M0.
Therefore, ‖ Pt0ω‖∞  eM0‖ω‖2 for all ω in the domain.
Note that explicit solutions for p and N do exist in the special case where p(0) = 2 and for
coefficients ε¯(p) = ε p2(p−1) and Γ (p) = β ′ 2p + sup{ε pK12(p−1) ,0} as in Lemma 3.2. They are
p(t) = 1 + exp
{
2
ε
t
}
,
N(t) = 2β ′
(
1
2
− 1
p(t)
)
+ ε
2
sup{K1,0} log
(
p(t)− 1). 
The following step is necessary for the results of Section 4. The aim is to prove a similar bound
for an appropriate perturbation of the heat operator of k . We follow the procedure outlined in
Davies [4], while at the same time generalize the results to include the case of k-forms.
To this purpose, we set φ = eαψ with |dψ |2  1 and α real. What we would like to show, is
that (Sp) holds for the perturbed operator T = φ−1 ◦ k ◦ φ on the space of forms {φ−1ω | ω ∈⋃
t>0 e
−tk (L1 ∩L∞)}. The next lemma is crucial in our estimates.
Lemma 3.3. For any C∞c form ω in M , 2 <p < ∞, 0 <μ< 1, the following inequality holds
(1 −μ)〈D¯ω, D¯(|ω|p−2ω)〉

〈
D¯(φω), D¯
(
φ−1|ω|p−2ω)〉+ α2[1 + (p − 2)2
4(p − 1)μ
]
‖ω‖pp.
Proof. Note that dφ = αeαψdψ and that |dφ|2 = α2φ2|dψ |2  α2φ2. Then:
〈
D¯(φω), D¯
(
φ−1|ω|p−2ω)〉
= −|dφ|
2
φ2
‖ω‖pp +
〈
D¯ω, D¯
(|ω|p−2ω)〉
− 1 〈D¯ω, (D¯φ)|ω|p−2ω〉+ 〈 D¯φω, D¯(|ω|p−2ω)〉
φ φ
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〈
D¯ω, D¯
(|ω|p−2ω)〉+ ∫
M
∑
i
DViφ
φ
|ω|2DVi
(|ω|p−2)dv
−α2‖ω‖pp +
〈
D¯ω, D¯
(|ω|p−2ω)〉− |α|∫
M
|ω|2∣∣d(|ω|p−2)∣∣dv. (12)
We will try to find an appropriate lower bound for the last term in Eq. (12). For any positive
constant δ, Young’s Inequality gives
∫
M
|ω|2∣∣d(|ω|p−2)∣∣dv = (p − 2)∫
M
|ω|p−1∣∣d|ω|∣∣dv
 2(p − 2)δ‖ω‖pp + (p − 2)2δ
∫
M
|ω|p−2∣∣d|ω|∣∣2 dv. (13)
Note that
∫
M
∣∣d|ω| p2 ∣∣2 dv = p2
4
∫
M
|ω|p−2∣∣d|ω|∣∣2 dv (a)
and using the calculation in Eq. (5)
∫
M
∣∣d|ω| p2 ∣∣2 dv = p2
(p − 2)2
[ ∫
M
∣∣D¯(|ω| p2 −1ω)∣∣2 − 〈ω,L(|ω|p−2ω)〉]
 p
2
4(p − 1)
〈
D¯ω, D¯
(|ω|p−2ω)〉 by (4). (b)
By combining the inequalities in (a) and (b),
∫
M
|ω|p−2∣∣d|ω|∣∣2 dv  1
p − 1
〈
D¯ω, D¯
(|ω|p−2ω)〉. (13)
We now substitute the estimate from (13) into the right-hand side of (13). This gives a new lower
bound for the last term in (12) and the following lower bound
〈
D¯(φω), D¯
(
φ−1|ω|p−2ω)〉
−
[
α2 + |α|(p − 2) δ
2
]
‖ω‖pp +
[
1 − |α|p − 2
2δ
1
p − 1
]〈
D¯ω, D¯
(|ω|p−2ω)〉.
Choosing δ such that |α|p−22δ 1p−1 = μ < 1, we obtain the inequality of the lemma with the right
constants, for all 0 <μ< 1. 
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form ω and for all 0 <μ< 1, 2 <p < ∞
∫
M
|ω|p log |ω| ε˜[〈D¯(φω), D¯(φ−1|ω|p−2ω)〉
+ 〈W(φω),φ−1|ω|p−2ω〉]+ γ (ε˜,p)‖ω‖pp + ‖ω‖pp log‖ω‖p (14)
where ε˜ = ε p2(p−1)(1−μ) and γ (ε˜,p) = β ′ 2p + sup{ε˜K1,0} + ε˜|α|2[1 + (p−2)
2
4(p−1)μ ] .
Proof. As demonstrated in Lemma 3.2, if (S2) holds then (Sp) also holds with coefficients as
given in the lemma. By combining (Sp) with the inequality of Lemma 3.3 we obtain
∫
M
|ω|p log |ω| ε˜〈D¯(φω), D¯(φ−1|ω|p−2ω)〉+ ε˜(1 −μ)〈W(φω),φ−1|ω|p−2ω〉
+ [γ (ε˜,p)−μ sup{ε˜K1,0}]‖ω‖pp + ‖ω‖pp log‖ω‖p.
After using the lower bound onW , inequality (14) follows. 
We would like to generalize the results of the corollary above to a larger class of forms, namely
to those in: D = φ−1D1, where D1 =⋃t>0 e−tk (L1 ∩L∞).
Let us first make some remarks about the space D.
We have defined T = φ−1 ◦k ◦ φ. As φ and φ−1 are bounded functions, it follows from the
remark in the proof of Lemma 3.2 that D is dense in Lp for all 1 p < ∞.
This implies that Dom(T ) = {ω: φω ∈ Dom(k)}.
Furthermore, D remains invariant under the semigroup e−tT (for details we refer to [1]).
Lemma 3.4. The inequality of Corollary 3.1 can be generalized to hold for all forms in the
space D.
Proof. We can equivalently show that
∫
M
∣∣φ−1ω∣∣p log∣∣φ−1ω∣∣ ε˜[〈D¯(ω), D¯(φ−p|ω|p−2ω)〉+ 〈Wω,φ−p|ω|p−2ω〉]
+ γ (ε˜,p)∥∥φ−1ω∥∥p
p
+ ∥∥φ−1ω∥∥p
p
log
∥∥φ−1ω∥∥
p
(15)
for any ω ∈D1.
We observe that D1 = ⋃t>0 e−tk (L1 ∩ L∞) ⊆ Dom(Qk ) ∩ L1 ∩ L∞ = D2, so it suffices to
prove the above statement for ω in D2.
On D2 the left-hand side of inequality (15) is finite, as φ−1ω ∈ L1 ∩ L∞. A straightforward
computation shows
Qk
(|ω|p−2ω) (p − 1)2‖ω‖2p−4∞ Qk(ω).
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will be bounded if we are able to show that D2 remains invariant under multiplication by φ−p .
In fact, it is enough to show that Dom(Q) remains invariant under multiplication by φ−p ,
since φ−p is a bounded function. To demonstrate this, we define the inner product 〈ω,η〉′ =
〈ω,η〉 + 〈D¯ω, D¯η〉 on Dom(Qk ), and the associated complete norm ‖ω‖′ = {〈ω,ω〉′}1/2.
A computation shows that on the dense subspace C∞c (Λk) of Dom(Qk ), ‖ω‖′ and ‖φ−pω‖′ are
equivalent norms, as φ and its gradient are bounded. And this completes the proof of the lemma
(for further details we also refer the reader to [4]). 
Given the result of Corollary 3.1 for k-forms inD, we may conclude that T is ultracontractive,
whenever the constants in the logarithmic Sobolev inequality are appropriate.
Corollary 3.2. Let ε˜(p) > 0, 2 <p < ∞, Γ (p) = γ (ε˜(p),p) be the coefficients of the inequality
in Corollary 3.1. If
t0 =
∞∫
2
ε˜(p)
p
dp, M0 =
∞∫
2
Γ (p)
p
dp
are both finite, then exp(−φ−1 ◦k ◦ φt0) maps L2 to L∞ and∥∥exp(−φ−1 ◦k ◦ φt0)∥∥∞,2  eM0 . (16)
Proof. The proof is identical to that of Theorem 3.1, but here we consider the operator T =
φ−1 ◦k ◦ φ with domain D. Inequalities (7) and (14) are parallel, and observe that the calcula-
tion in the proof of Theorem 3.1 is not affected by the non-self-adjointness of T .
We then have the estimate (16) for all ω ∈D. By the density of D in Lp for all 1 p < ∞, we
get the desired bound on L2. 
4. The ultracontractivity of Pt and a Gaussian bound for it
The purpose of this section is to show sufficient curvature conditions under which Pt is ultra-
contractive and has a Gaussian upper bound.
Lemma 4.1 will be a key step in this process. The assumptionWk −K1 for the Weitzenböck
tensor implies a logarithmic Sobolev inequality for k whenever we have one for 0. As we have
seen in Theorem 3.1, the coefficients of the logarithmic Sobolev inequalities are crucial towards
proving ultracontractivity. Lemma 4.1 demonstrates that the coefficients for the (S2) of k are
very similar to the ones of 0. As a result, the ultracontractive bound for Pt is almost identical
to the one for Pt .
Under the curvature conditions that we impose, a Gaussian bound for the heat kernel of 0
implies that Pt is ultracontractive. By Theorem 4.1 we then get a family of inequalities (S2)
for 0. This in turn implies a family of inequalities (S2) for k and coefficients that prove
the ultracontractivity of Pt , and eventually give the desired Gaussian type bound for its integral
kernel (see Theorems 4.2 and 4.3).
We note that the result of Theorem 4.1 holds for k as well. Together with Theorem 4.2 they
demonstrate the equivalence between the ultracontractivity of Pt and the existence of a family
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assumptions than Theorem 4.2.
We begin by showing how the existence of a logarithmic Sobolev inequality (S2) for 0
implies one for k .
Lemma 4.1. Assume that Wk  −K1. If the logarithmic Sobolev inequality (S2) holds for 0
with coefficients ε,β then (S2) also holds for k with corresponding coefficients ε and β +K1.
Observe furthermore, that a logarithmic Sobolev inequality also exists for the Bochner Lapla-
cian. The converse however, need not be true.
Proof. Let η be a k-form on M , and {Vi}i be normal coordinates at a point x0 with a dual
coframe {ωj }j . We will bound the gradient of the norm of the form pointwise, using the following
computation
(
d|η|, d|η|)= (∑
i
ωiDVi |η|,
∑
j
ωjDVj |η|
)
= (D¯|η|, D¯|η|)
=
∑
i
∣∣∣∣ (DVi η, η)|η|
∣∣∣∣
2
=
∑
i
(
DViη,
η
|η|
)2
 (D¯η, D¯η).
However,
(D¯η, D¯η) (D¯η, D¯η)+ (Wη,η)+K1(η, η). (17)
By integrating we obtain the inequality
Q0(η, η)Qk(η, η)+K1‖η‖22. (18)
The result follows.
Finally note that these inequalities imply that whenever η ∈ Dom(Qk ) ∩ L1 ∩ L∞ then |η| ∈
Dom(Q0)∩L1 ∩L∞ as well. 
We will continue by demonstrating a method for obtaining a family of logarithmic Sobolev
inequalities for a self-adjoint operator, on either functions or differential forms, whenever its heat
operator is ultracontractive.
Theorem 4.1. Let H be a self-adjoint non-negative operator on a manifold M acting on
L2(Λk). Suppose that its heat operator e−Ht is bounded from L∞ to L∞ and it is ultracon-
tractive with ‖e−tH‖∞,2  Cel(t) for all t > 0, and with l(t) a continuous function. Then for all
ω ∈ Dom(QH )∩L1 ∩L∞, |ω|2 log |ω| is in L1, and the logarithmic Sobolev inequality∫
M
|ω|2 log |ω|dx  εQH(ω)+ l(ε)‖ω‖22 + ‖ω‖22 log‖ω‖2 (19)
is true for all ε > 0.
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Davies (Lemma 2.2.3) where he also makes stronger assumptions on the l(t) [4]. We allow ω to
be a differential form and we assume that ‖ω‖2 = 1. We set ωs = e−sHω and p(s) = 2tt−s . p(s)
is a continuous differentiable function from [0, t) to [2,∞) with p′(0) = 2
t
.
We fix the point t , and define the operator Az = e−tHz from L2 to L2 + L∞ on the set U =
{z ∈ C: 0  Re(z)  1}. For x real between 0 and 1, etHx is bounded on L2 and the bound
is uniform in x. Also etHiy is a contraction on L2 for all real y. As a result, for η ∈ L2 and
ϕ ∈ L1 ∩ L2, the operator 〈Azη,ϕ〉 is uniformly bounded and continuous on U , and analytic in
the interior of U .
Then, ‖Aiyη‖2 M0‖η‖2 for all η ∈ L2 and y ∈ R with M0 = 1, and ‖A1+iyη‖∞ M1‖η‖2 for
all η ∈ L2 and y ∈ R, by the ultracontractivity property of e−Ht with M1 = el(t).
The Stein Interpolation Theorem implies that:
‖Aτη‖q Mτ1 M1−τ0 ‖η‖p
with p = 2 and 1
q
= 1−τ2 . By setting τ = st for 0 s < t
∥∥e−sHω∥∥p(s)
p(s)
 exp
{
l(t)p(s)
s
t
}
‖ω‖2 ⇒ ‖ωs‖p(s)p(s)  exp
{
l(t)p(s)
s
t
}
where p(s) = 2t
t−s = q as above.
As both sides of the above inequality are 1 when s = 0, we deduce that
d
ds
2
[‖ωs‖p(s)p(s)]∣∣s=0  exp
{
l(t)p(s)
s
t
}[
l(t)
t
(
p(s)+ sp′(s))]∣∣∣∣
s=0
= l(t)2
t
. (20)
On the other hand,
d
ds
[‖ωs‖p(s)p(s)]=
∫
|ωs |p(s)
[
p′(s) log |ωs | + p(s) |ωs |
′
|ωs |
]
.
Combining with (20) at s = 0
∫
|ω|2
[
2
t
log |ω| + 2 (−Hω,ω)|ω|2
]
 l(t)2
t
⇒
∫
|ω|2 log |ω| + t〈−Hω,ω〉 l(t).
Now substituting ε for t and letting ω = η‖η‖2 , we get inequality (19). The fact that the left-hand
side of (19) is bounded and that the result is true on the claimed domain, is a straightforward
argument and the reader is referred to the proof of Lemma 2.2.3 in Davies [4] for the details. 
We now move to the final part of the section where we will find a specific Gaussian type
upper bound for Pt and show that it is ultracontractive when a family of logarithmic Sobolev
inequalities for k exists. We will first need an appropriate ultracontractive bound for the heat
operator of 0, and then use the process outlined in the beginning of the section. Such a result
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curvature is bounded below by a constant Ric−K2 and that the volume of the balls of radius
one has uniform lower bound, Vol(B1(x))K3 where K3 is independent of x.
The upper bound for the heat kernel of 0 that we apply is due to Saloff-Coste [10] and
it holds under the condition of Ric  −K2. The original estimate holds over more generalized
operators in divergence form and it is an improvement of similar estimates that were previously
published by Cheng, Li and Yau [3]. We state it in our specific case
Lemma 4.2. [10] On a C∞ smooth manifold MN with Ric−K2, for all t > 0,
P(t, x1, x2) V −1/21 V
−1/2
2 exp
(
C
√
K2t − ρ
2
4C′t
)
where C,C′ are positive and depend only on N , Vi = Vol(B√t (xi)), and ρ = d(x1, x2).
From Bishop’s inequality, V −1i  C(N,K2)Vol−1(B1(xi)) sup{t−N/2,1}.
We observe that for some constant C(N,K2,K3) we get upper estimate:
Pt (x, y) C(N,K2,K3) sup
{
t−N/2,1
}
exp
(
C
√
K2t − ρ
2(x, y)
4C′t
)
.
For a function f in L1 we have
∥∥e−t0f ∥∥∞ =
∥∥∥∥
∫
Pt(x, y)f (y) dy
∥∥∥∥∞  supx,y
∣∣Pt(x, y)∣∣‖f ‖1
 C(N,K2,K3)eC(N,K2)t sup
{
t−N/2,1
}‖f ‖1. (21)
In fact, the condition on the volume of balls of radius one is necessary for obtaining a uniform
in x, y upper bound for supx,y |Pt (x, y)|. The lower bound for Pt (x, y) given by Saloff-Coste
demonstrates that such a uniform upper bound on the heat kernel immediately implies a uniform
lower bound on the volume of balls of radius one [10].
Lemma 4.3. On smooth manifolds MN with Ric−K2 and a uniform lower bound K3 on the
volume of balls of radius one, the Laplacian on functions is ultracontractive with the following
upper bound on its norm
∥∥e−t0∥∥∞,2  C(N,K2,K3)eC(N,K2)t sup{t−N/4,1} (22)
for all t > 0.
Proof. By the Riesz–Thorin Interpolation Theorem
∥∥e−t0f ∥∥
q
Mτ1 M1−τ0 ‖f ‖p where
1
p
= τ
p1
+ 1 − τ
p0
,
1
q
= τ
q1
+ 1 − τ
q0
,
∥∥e−t0f ∥∥ = M1, ∥∥e−t0f ∥∥ = M0.q1,p1 q0,p0
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p0 = ∞, p1 = 1 and τ = 1/2. The ultracontractive bound follows. 
Observe that we can rewrite the ultracontractive bound in (22) as expS(t), where
S(t) = C(N,K2,K3)+C(N,K2)t + sup
{
−N
4
log t,0
}
. (23)
Furthermore, this S(t) is a decreasing function for small t . As a result, Theorem 4.1 applies
and we obtain a family of logarithmic Sobolev inequalities (S2) for 0 with coefficients ε and
β(ε) = S(ε).
We will now describe the family of logarithmic Sobolev inequalities for the Hodge Laplacian.
Corollary 4.1. Let MN be a smooth manifold with Ric−K2 and Vol(B1(x))K3 where K3
is independent of x. WhenWk −K1 we can apply Theorem 4.1 to the Laplacian on functions,
and via Lemma 4.1 we get a family of logarithmic Sobolev inequalities (S2) for k , with constant
β(ε) = S(ε)+ εK1 for all ε > 0.
Therefore, (Sp) also holds for k with a = ε¯(p) = ε p2(p−1) and b = Γ (p) = (S(ε) + εK1) 2p +
ε
p
2(p−1) sup{K1,0}, for all k-forms in D1 =
⋃
t>0 e
−tk (L1 ∩L∞), by Lemma 3.2.
The constant M0 that appears in Theorem 3.1 can now be calculated using the constant S(ε)
we obtained above.
M0(ε) =
∞∫
2
b
p
dp 
∞∫
2
[
2
p2
(
C2,3 + εC2 + sup
{
−N
4
log ε,0
}
+ εK1
)
+ ε¯K1
p
]
dp.
As the equation holds for any positive ε, we can set ε¯(p) = 2t
p
for any t > 0 and p ∈ [2,∞).
For p  2, 12 
p
2(p−1)  1, thus log ε = log ε¯ + log[ 2(p−1)p ] log ε¯. Moreover, ε¯  ε  2ε¯.
With the above estimates in mind we get the following upper bound for M0
M0(t)
t∫
0
[
1
t
[
C2,3 + 2ε¯C2 + sup
{
−N
4
log ε¯,0
}]
+ 2K1
]
dε¯
 C(N,K2,K3)+C(N,K1,K2)t + N4 sup{− log t,0}.
Furthermore, we compute t0 to be t0 =
∫∞
2
ε¯(p)
p
dp = ∫ t0 dε¯ = t .
The results of Lemma 3.2 and the above computations demonstrate the following theorem
Theorem 4.2. On smooth manifolds withWk −K1, Ric−K2 and Vol(B1(·))K3, we may
obtain via the method of logarithmic Sobolev inequalities an ultracontractive bound for Pt of the
following type ∥∥exp{−tk}∥∥∞,2  exp{M(t)}
where M(t) = C(N,K2,K3)+C(N,K1,K2)t + sup{−N log t,0}.4
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φ−1 ◦ ◦ φ, the Gaussian upper bound for the heat kernel on forms will follow. As the logarith-
mic Sobolev inequality (S2) holds for manifolds satisfying the conditions of Corollary 4.1 with
β(ε) = S(ε)+ εK1, Lemma 3.4 implies that inequality (14) also holds for these manifolds on D
with constants ε˜ and Γ (p) = γ (ε˜,p) as in Corollary 3.1 and with β ′(ε) = S(ε)+ εK1.
Applying Corollary 3.2, we will prove that exp{φ−1 ◦  ◦ φt} is ultracontractive by showing
that t0 and M0 are finite.
Recall that t0 =
∫∞
2
ε˜(p)
p
dp,M0 =
∫∞
2
Γ (p)
p
dp.
For some λ > 1 we set ε˜(p) = λ2λtp−λ for any t > 0 and p ∈ [2,∞).
We also fix μ = 12 , so ε˜ = pp−1ε  2ε for p  2. As a result, log ε + log 2  log ε˜, and ε =
p−1
p
ε˜  ε˜. Moreover, for p  2, {1 + (p−2)22(p−1) } p2 .
With these estimates in mind, t0 =
∫∞
2
ε˜
p
dp = ∫ λt0 1λ dε˜ = t , just as in Corollary 4.1, and we
will find an upper bound for M0
M0(t) =
∞∫
2
Γ (p)
p
dp

∞∫
2
[
2
p2
[
C2,3 + ε˜(C2 +K1)+ sup
{
−N
4
log ε˜,0
}]
+ ε˜
p
K1 + ε˜2 |α|
2
]
dp
 Cλ,2,3 + sup
{
−N
4
log(t),0
}
+ t
[
C1,2 + λ
λ− 1 |α|
2
]
.
We choose λ so that λ
λ−1 = 1 + δ. Now we are ready to state and prove the main theorem of
this section.
Theorem 4.3. Let MN be a smooth manifold withWk −K1, Ric−K2 and Vol(B1(x))K3
at all points x. Then the heat operator of the Hodge Laplacian on differential k-forms has an
integral kernel P(t, x, y), with a Gaussian type upper bound such that
∣∣ P(t, x, y)∣∣ Cδ(N,K2,K3) sup{t−N/2,1}
× exp(C(N,K1,K2)t) exp
[
− d(x, y)
2
4(1 + δ)t
]
(24)
for all 0 < t < ∞, 0 < δ < 1, and x, y ∈ M .
Proof. The preceding computations together with Corollary 3.2 imply that
∥∥exp{−φ−1 ◦k ◦ φt}∥∥∞,2  Cδ(N,K2,K3) sup{t−N4 ,1}
× exp{C(N,K1,K2)t + (1 + δ)|α|2t}.
N. Charalambous / J. Differential Equations 233 (2007) 291–312 311Note that exp{−φ−1 ◦ k ◦ φt} = φ−1 ◦ e−kt ◦ φ, and recall that φ = eαψ with α ∈ R and ψ a
C∞ bounded function with |dψ |2  1. Replacing α by −α and taking adjoints, ‖φ−1 ◦ e−kt ◦
φ‖2,1 = ‖φ−1 ◦ e−kt ◦ φ‖∞,2.
By multiplying the two norms together,
∥∥φ−1 ◦ e−2kt ◦ φω∥∥∞,1  ∥∥φ−1 ◦ e−kt ◦ φ∥∥∞,2∥∥φ−1 ◦ e−kt ◦ φ∥∥2,1
and
∥∥φ−1 ◦ e−kt ◦ φ∥∥∞,1  Cδ(N,K2,K3) sup{t−N2 ,1}
× exp{C(N,K1,K2)t + 2(1 + δ)|α|2t}.
We conclude that φ−1◦e−kt ◦φ has an integral kernel of the form φ−1(y)KIJ (t, x, y)φ(x). This
kernel is pointwise bounded above, when the basis at x, y is orthonormal, by Cδ sup{t−N2 ,1}×
exp{C′t + 2(1 + δ)|α|2t}. For a proof that such a kernel exists whenever we have an operator on
differential forms that is bounded from L1 to L∞ see [2].
As a result,
∣∣KIJ (t, x, y)∣∣ Cδ sup{t−N2 ,1} exp{C′t + 2(1 + δ)|α|2t + α(ψ(y)−ψ(x))}.
If we choose α = ψ(x)−ψ(y)
2
√
2(1+δ)t and observe that |ψ(x) − ψ(y)|2  d(x, y)2, we get the desired
bound of Theorem 4.3. 
The critical inequalities that allowed us to demonstrate the Gaussian bounds of the Hodge
Laplacian were inequality (17), which gave a pointwise comparison of the inner products of
the Laplacian on functions and the Hodge Laplacian, and inequality (18) which gave a similar
comparison of their quadratic forms. For possible extensions of the results of this article one
could consider self-adjoint operators H on smooth bundles over M that satisfy similar pointwise
comparison properties of the form
(
0|ω|, |ω|) (Hω,ω)+K1|ω|2
for some constant K1 and for any L2 section ω of the bundle. As a result, Lemma 4.1 would hold
for this operator. It would also be important for H to have a bounded heat kernel on Lp and to
satisfy an equivalent version of Lemma 3.2. In other words, it would be necessary to prove that
an (S2) logarithmic Sobolev inequality implies an (Sp) inequality for all 2 <p < ∞.
We end this paper by comparing our result to that of Rosenberg [8]. It says that on manifolds
withWk −K1 and with Ricci curvature bounded below,
∣∣ P(t, x, y)∣∣ etK1P(t, x, y).
Together with the heat kernel bound due to Saloff-Coste, it gives a more general bound for
the heat kernel of k as follows
312 N. Charalambous / J. Differential Equations 233 (2007) 291–312∣∣ P (t, x, y)∣∣ C(N,K2)φ(x)φ(y) sup{t−N/2,1}
× exp(+K1t + 2√K2t ) exp
[
− d(x, y)
2
4C′(N)t
]
. (25)
The intermediate step of using logarithmic Sobolev inequalities forced us to drop the pointwise
dependence of the heat kernel bound in the coefficients, in favor of more global constants for the
manifold.
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